KdV equation in the quarter-plane: 
evolution of the Weyl functions and unbounded solutions 
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Abstract. The matrix KdV equation with a negative dispersion term is considered in the 
right upper quarter-plane. The evolution law is derived for the Weyl function of a corre- 
sponding auxiliary linear system. Using the low energy asymptotics of the Weyl functions, 
the unboundedness of solutions is obtained for some classes of the initial-boundary condi- 
tions. 
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1. Introduction 

We consider the matrix KdV equation with the minus sign in front of the dispersion term 



u. 



Ut + 3(uUx + UxU) — Ux 



0, 



'1.1^ 



where u{x,t) is an m x m matrix function. Equation (11.11) is the compatibility condition of 
the auxiliary linear systems 



$a;(x, t, z) = G{x, t, z)$(x, t, z), 

$t(a;, t, z) = F(x, t, z)^{x, t, z), 



1.2) 
1.3) 



G: = 


u - 


Im' 


1 






F : = 


u 
_ Uxx - 2(m + 2. 


X 

zljj{u- 


Zlm) 


-2{u + 2zlm) 

-Ux 



;i-4) 

1.5) 
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where Im is the m x m identity matrix. In other words equation (11. ip is equivalent to the 
zero curvature equation 

Gt-F, + [G,F] = 0, [G,F]:=GF-FG, (1.6) 

where G and F are given by (11.41) and (11.51) . respectively. 

Initial-boundary value problems for the integrable nonlinear equations (and KdV equa- 
tion, in particular) are of great interest, see, for instance, [H El El ESI [IS, [E] and refer- 
ences therein. System (II. 2p . (II. 4p is equivalent to the canonical system (I2.10p (and to 
the Schrodinger equation), and in this paper we derive the evolution M{t,z) of the Weyl 
function of this system. This evolution is an important component of the solution of the 
initial-boundary value problem. For simplicity, we derive the evolution under condition that 
F and G are continuously differentiable, though the requirement of the continuous differen- 
tiability could be weakened using the results from [13j. 

If u{0,t) = Uxx{0,t) = 0, then system (II. 3p at x = is equivalent to a Dirac system 
and its Weyl function is expressed via M{0,z) (see formula (I3.2ip ). We apply (I3.2ip and 
low energy asymptotics of M(0, z) to show the unboundedness of the KdV solutions in the 
quarter-plane for some classes of simple initial conditions u{x, 0). 

Our Weyl function M(t, z) is connected with the Weyl function from [3] (the latter being 
denoted here by Ai{t, z)) via the linear fractional transformation M = {Ai — Im){M + Im)^^ ■ 
We note that the high energy asymptotics of the Weyl functions was actively studied (see 
[3lll| [T0l[TT] and references therein) following the seminal papers |71[8]. Though the low energy 
asymptotics of the Weyl functions is used in the present paper, the high energy asymptotics 
(namely, an important result on asymptotics of the Weyl function in terms of the values of 
u and its derivatives at x = from [3]) jointly with the evolution of the Weyl function could 
also prove useful for the analysis of the initial-boundary conditions. 

We discuss some background in Section [2ll obtain the evolution law in Section [3]], and 
study the unboundedness of the solutions in Section |4]] 



2. Some Background 

Let us normalize the fundamental solution \E' of the equation (II. 2p by introducing 

^(x, t, z) = <^{x, t, z)<^{0, t, z)-^ (2.1) 

satisfying the initial condition 

^(0,t,z) = /2„. (2.2) 

Suppose, G and F are continuously differentiable on the half-strip 0<x<oo,0<t< 
t < oo and (II. 6p holds. Then, according to section 12.1 [16] (see also [lll[15]) we have 

^(x, t, z) = V{x, t, ;z)^(x, 0, z)V{0, t, z)-\ (2.3) 



where the 2m x 2m matrix function V satisfies relations 

Vt{x, t, z) = F{x, t, z)V{x, t, z), V{x, 0, z) = hm- 
Introduce the matrices 

J ■-- 



' ^ Im' 
_Im 


•) 


S3:= 


- 




-Im _ 
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i 


- 

_ Im 


Im' 
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, T: 


1 

~ V2 


ilm 
_ ilm 


~Im _ 



Ji = TJT* = i 
Further we shall consider the case of the self-adjoint (real- valued for m = 1) u: 

m(x, t) = u{x, ty, i.e., — (^(x, t, 0) Vi^(a;, t, 0)) = 0. 

From (O, dMD and ([22D it follows that 

T*^{x, t, 0) Vi^(x, t, 0)T = TViT = J. 

Putting 

^{x,t,z) = (^(x,t,0)r)"^^(x,t,z)T, 



(2.4) 

(2.5) 
(2.6) 

(2.7) 

(2.8) 
(2.9) 



and taking into account (11.21) . (11.41) . (12.81) and (12.91) we see that \E'(x, t, z) is the fundamental 
solution of the canonical system 



where 



^^(x, t, z) = izJH{x, t)^(a;, t, z), *(0, t, z) = hm, 

^(x,t,0)T> 0. 



H{x,t) = T*^{x,t,Oy 
Moreover, H satisfies [Hj the positivity condition 



Im 





H{s,t)ds>0 (/>0). 

Indeed, for any h G C^™", h ^ we have, 

h*H{s,t)h = g{s,tyg{s,t), g{s,t) := [I^ 0]^(s, t, 0)T/i, 
where, according to (11.21) . (11.41) . and (12.21) . the relations 



9(0, t) 
9siO,t) 



gssis,t) =u{s,t)g{s,t), 
hold. Inequality (l212|) follows from (IXTSj) and (121^1) . 



Th^O 



(2.10) 
(2.11) 

(2.12) 
(2.13) 
(2.14) 



By fl2.12p . the linear fractional transformations 

M(/, t,z)=t (Anil, t, z)Piit, z) + Ai2{l, t, z)Qi{t, z)) 

X (^A2i{l,t,z)Pi{t,z)+A22{l,t,z)Qi{t,z)) , 
where the matrices Akj are the m x m blocks of A, 

Ail,t,z) :=$(/, t,z)*, 
and Pi, Qi are meromorphic nonsingular pairs with property- J, 

p;Pi + q;Qi > 0, p;Qi + q*Pi > o, 



(2.15) 



3U > 0, 



(2.16) 



(2.17) 



are well-defined for '^{z) > 0. The matrix functions M are Herglotz (Nevanlinna) functions, 
that is, Q{M{z)) > in C+, and they are called Weyl-functions of the canonical system on 
the interval (0, /). Further we shall assume that u is bounded: 



sup \\u[x, 

0<x<oo,0<t<t 



<C. 



(2.18) 



Then, by (I2.10p and (I2.12p there is a unique limit of the functions M{l,t,z), which is inde- 
pendent of the choice of the pairs Pi, Qi with property- J: 



\imM{l,t,z) = M{t,z). 



l^fOO 



(2.19) 



Fore a detailed proof of (I2.19P see p. 177 in [TB], where the proof of a similar formula (1.18) 
(condition b)) from p. 169 is given. 

Note that one can omit the variable t in formulas ([L2D, (El]), (D, (Q-dSlH]) while 
considering a certain subclass of canonical systems. The limit M{z) = lim;_>oo M{1, z) is 
called the Weyl-function of the system (I2.10p on the semi-axis x > 0. It has the property 
(see formula (1.24) on p. 121 in |16] ) 



[ Im iM{z)* ] ^{x,zyH{x)'^{x,. 



-iM{z) 



dx < oo, z E C- 



The function M{z) is also the Weyl-function of the Sturm-Liouville system 

- Y^^{x, z) + u{x)Y{x, z) = zY{x, z). 



(2.20) 



(2.21) 



where the matrix function u coincides with the u in (11.40 . In particular, formula (I2.20p can 
be rewritten in the form 



/■oo 

/ [I^ iM{z)* ]Y{x,zyY[ 
Jo 



X, z) 



-iM{z) 



dx < oo, z E 



■-+) 



(2.22) 



where Y is the m x 2m solution of f l2.22p normahzed by the condition 

Y{0,z) = iV2)-^[tIm U, Y.iO,z) = iV2)-^[tIm -Im]. (2.23) 

We also recall that the Weyl-function Mij{Q of the Dirac-type system on the semi-axis 



~dt 



W(t, = z[CS3 + ^zV{t)]W(t, C), WiQ, C) = hm. V 



where V is locally summable, is uniquely defined by the inequality 



[I^ iMniCr]KWitXrWitX)K* 



-zMniO 



V 
V* 



dt < oo, 



(2.24) 



S(C)>0, K:=-^ 






(2.25) 
(2.26) 



See the procedure to recover V from M^) in pTlflG] and the references therein. 

Using (12. 3p and ( I2.19P the evolution of the Weyl-function M(t, z) (t > 0) was derived 
in [2] - [TB] for the KdV equation Ut — S{uUx + u^u) + u^xx = with the plus sign in front 
of the dispersion term. Moreover, the initial-boundary problem ti(a;, 0) = /(x), M(0,t) = 
UxxiS^, t) = was treated in [H] for the scalar case Ut — QuUx+Uxxx = 0. We shall modify these 
results for the case of the KdV equation (II. ip . where this number of the initial-boundary 
conditions will be appropriate (see (T|[T7]). 



3. The KdV Equation with a Negative Dispersion Term 

Denote the Weyl-function of system (I2.10p at t = by M(0, z) and put 



R{l,t,z) := {^{l,t,0)TY{V{l,t,zr)-U{^{l,0,0)TY 



-1 



R{t,z) = 
where Vkj are m x m blocks of R. 



rii(t,z) ri2{t,z) 
r2i(t,z) r22{t,z) 



R{0,t,z) 



(3.1) 
(3.2) 



Proposition 1 Let the bounded mxm matrix function u satisfy the KdV equation lil-l\) on 
the half-strip < x < oo, < t < t < oo. Assume that the corresponding matrix functions 
G and F given by ( [i.^| ) and ( li.5|) are continuously differentiable. Then the evolution of the 
Weyl-function M{t, z) is given by the formula 



M{t, z) = i({-i)ru{t, z)M{0, z) + r^it, z)) ((-0r2i(t, z)M{0, z) + r22(t, ;z)) . (3.3) 



2{z + z)I^-u{l,t) 



(3.7) 



Proof. Taking into account (12. 9p and (I2.16p . rewrite formula (12. 3 P in the form 

Ail, t, z)R{l, t, z) = R{t, z)Ail, 0, z). (3.4) 

To show that R is J-expanding in some domain in C_|_, we shall use the equation 

^(y(/,t,z)-i) = -Vil,t,z)-'F{l,t,^) (3.5) 

From (13. 5 p it follows that 

^{v{l,t,z)-'Ji{V{l,t,z)-Y) (3-6) 

= -V{l,t,zr'{F{l,t,z)J, + JiF{l,t,zy){V{l,t,z)-Y- 
By (II. 5p and the first relation in (12. 7p we have 

F{l,t,z)Ji + JiF{l,t,zy = 2i{z-z) 

Taking into account (I2.18P and (13. 7p we derive 

-(F{l,t,z)Ji + JiF{l,t,^y)>0 for '^{z)>0,^z>C/A. (3.8) 

In view of (13. 6p . (13. 8 p and the second relation in (12. 4p we get 

V{l,t,^)-^Ji{V{l,t,^)-Y > Ji for S(z) >0,^z> C/A. (3.9) 

According to (El]), ([HII]) and (ES]) the inequality 

R{1, t, zyjR{l, t,z)> J for S(2) >0,^z> C/A (3.10) 

is true. By fl2J[5l) . (EIH]), (EZl) and flXTOD . we derive O for z in the domain S(z) > 
0, 3fJ2; > C/4. In view of the analyticity of the Weyl-f unctions, it follows that (13. 3p is valid 
everywhere in C4.. ■ 

Consider now the particular case of the initial-boundary value problem in the quarter- 
plane: 

u{x, 0) = /(x), m(0, t) = u^^{0, t) = (0 < X < cx), < t < cx)). (3.11) 

According to (Q, (1311]), ([32]) and ([33]) we have 

R{t,z)=T*{V{0,t,^y)'^T, (3.12) 

j^Rit,z) = -T*F{0,t,zyTR{t,z), R{0,z) = hm- (3.13) 



By (11.51) and (13. lip one can see that 

-F(o,t,zr 



-u^{0,t) -4:Z^I„ 



Azh 



UxiO,t) 



(3.14) 



Following [H], let us transform (I3.13P into the Dirac-type system. Note for that purpose 
that 

-z^L 



Tdmg{Ijn, ^/zlm} 











diag{J^, -^Im}T* = -iz2j:3 



Tdiag{/m, y/zlm}^3dmg{lm, ■^Im}T* = J, 



(3.15) 
(3.16) 



where J and j are defined in (12. 5p and diag means a block diagonal matrix. We consider 
z G C+ and choose the branch ^/z so that ^/z G C+. Now, put 



T*diag{/„^, —^Im}T* 



R{t,0:=Z{z)-'R{t,z)Z{z), Z{z) 

C:=-Azl 
From (I3.13p -( 13TT8|) it follows that R satisfies the Dirac-type system 



d 
di 



R{t,() = [<S3 - diagK(0,t), u,{0,t)}J]R{t,O, R{OX) = L 



2m- 



(3.17) 
(3.18) 

(3.19) 



Recall that the Weyl-function Ma of the Dirac-type system is defined via (I2.25p . Recall 
also that the Weyl-function Mtr of the Sturm-Liouville system with the trivial potential u 
(i.e., u equal to zero) equals [i^ — V\l[i^+ l]/m- Hence we shall require that 

lim M(t, z) = ^\!~^ /^. (3.20) 



t— >oo 



ly/z + 1 



Proposition 2 Assume that there exists a solution u of the KdV equation ( IJ. jj) on the 
quarter-plane < x < oo, < t < oo, which satisfies also the conditions of Proposition U\ 
and the initial-boundary value conditions Ii3.11\) . Suppose that ^3.20\) holds. Then u may he 
uniquely recovered by the following procedure: 

First, the Weyl-function of the Dirac-type system Ii3.19\) is recovered for sufficiently large 
values of'^{^/z) by the formula 

Mn{-4z'l) = ^{I^ + M(0, z)){Im - M(0, z))-\ (3.21) 



where z belongs to the sector |7r < arg(z) < vr. The matrix function M{0,z) in h3.21\) is the 
Weyl-function of the canonical system Ii2.10\) . Ii2.11\) at t = 0, which is determined by the 
initial condition u{x,0) = f{x). 

Next, the matrix-function Ux{0,t) is uniquely recovered from M£,{z), after which R{t,z) 
is given by Ii3.13\) and ^3.14^ . The evolution of the Weyl-function M(t, z) is given by h3.3\) 
in terms of R and M{Q,z). 

Finally, u{x,t) is uniquely recovered from M{t,z). 



7 



Proof. By (IXTOj) we get 



jR{t, cr^3R{t, = ^(C - C)Rit, CTRit, C). 

Formula fl3.22p and the second relation in fl3.19p imply that 



(3.22) 



R{t, Cr^3R{t, C) - S3 < -(5 / R{s, CTRis, C)ds for %() > 6/2 > 0, 

Jo 

or, equivalently, we have 

E3 - Rit, C)*S3^(t, C) > ^ / R{s, CTRis, C)ds for S(C) > S/2 > 0. 
Next, let us show that for sufficiently large values of '^{y/z) and t the inequality 



(3.23) 



[Im tMniCr]KRit,Cr^3Rit,C)K* 






>0, 



where M^, is given by (I3.2ip . is valid. First, take into account (I2.26P and (I3.17P 
that 



Z(z)K* 






m 
m 



(3.24) 

and note 

(3.25) 



Using (l3Tri) . (13:21]) and (K2^ we write 



R{t,OK* 



-iMoiO 



Z{z)-'R{t,z) 



-iM{0,z) 



iIm-M{0,z))-\ (3.26) 



According to Proposition [T] we have 
R{t,z 



-iM{0,z) 

1 rn 



-iM{t, z) 

1 rn 



-z)r2i(t,2;)M(0,z)+r22(t,z; 



Taking into account that 

Z{z)-^ = Tdiag{/„, v^/^}T, T*S3T = Ji, 
we obtain 

I [y/z + y/z)Im An Z - ^ Z)lr, 



(3.27) 



(3.28) 



(3.29) 



From dSmD, (13:271) and (K29\t it follows that 

[/„ zMD{(y]KR{t,Cr^3R{t,0K* 

= Loit,zy[iM{t,zy Im] 

u(t, z) 
juj{t, zyuj{t, z) > (t -)■ oo) 



i{y/z - y/z)Im {y/z + y/z)Im 
{y/z + y/z)Im iiy/z-y/z)I„ 



X 



-iM{t,z) 



where 



uj{t, z 



1 



-z)r2i(t, z)M(0, z) + r22(t, 2) (/m - M(0, z)) 



\-i 



(3.30) 



(3.31) 



We recall the choice |7r < arg(2;) < vr, that is, 53(C) > 0. By (I3.20p and (I3.30p for sufficiently 
large values of t we get (I3.24p . 

Hence, it follows from (I3.23P and (I3.24p that the inequality 



[/„ iMD{cy]KR{sxyR{s,c,w 



-iMd{Q 



ds < 00 



(3.32) 



holds. Thus, Md is, indeed, the Weyl-function of the Dirac system. The evolution M(t, z) 
follows from Proposition [H For the inverse problem for our canonical system, when u is 
bounded, see [12], p. 116 and references. ■ 

We provide a short SUMMARY of the scheme employed: 



/(^) = u{x, 0) ^" ^- ^) ^{x, 0, 0), X > 0, '-^^^ H{x, 0), a; > 0, 



by inni ~ ^ n '^y cm, ini by em 

;■ w(x, 0, z), X > 0, > M{0, z) > Md{Q 



MniC) and dSH "" ^"^"'^^ '^^ ^^) u^t), t > 0, ^^^^^^ R{t,z), t > 0, 
M(0, z) and i?(t, 2), t > 0, J^lM^ M{t, z), t > 0, 

by solving an IP 



-)■ u{x,t), X > 0, t > 



prove that m solves 



> KdV{u) = 0, X > 0, t > 0. 



Consider the simplest example. 



Example 3 Put for simplicity m = 1, i.e., consider a scalar KdV equation. The simplest 
case is the case ti(x, 0) = /(x) = (see the initial-boundary value conditions (I3.1ip ). The 



Weyl function M(0, z) of the Sturm-Liouville system with u = is given by the formula 

i\fz- 1 



M(0,2) 



u/i+1 



(3.33) 



By (I3.2ip it follows that the Weyl function Md{() of the Dirac system fl3.19p is given by the 
formula 



MoiCiz)) 



(3.34) 



As Mjj = i is the Weyl function of the Dirac system (13.191) with a trivial potential u^ = 
we get the fundamental solution 



/?(t,C)=exp(2tCS3) 
Hence, taking into account (I3.17P we derive 



Using ^3.36\) we can obtain M{t,z). First, rewrite (13. 3p in the form 
M{t,z) = t[l 0]R{t,C{z)) 



X 



-iM{0,z) 
1 



[0 l]R{t,az)) 



-iM{0,z) 
1 



Next, note that according to i\3. 33\) and the second equality in i\3.36\) we have 



Ziz 



,-1 



-iM{0,z) 
1 



2yi 



iy^+1 [0 _' 



From ^3.36\) and /i3. 38\) it follows that 



R{t,C{z)) 



-iM{0,z) 
1 



jt(;{z) 



'z + i 
ix/^+l 



Jt((z) 



iVz+l 
By [ZYID and / TOPI) we have M{t,z) = M{0,z). That is, u{x,t) = 0. 



-iM{0,z) 
1 



(3.35) 



R{t,az)) = Z(z)exp {ttaz)J:;)Ziz)-\ Ziz) := T*diag{/„, ^/„}T*. (3.36) 



(3.37) 



(3.38) 



(3.39) 



4. Non-existence of the global solutions in the quarter- 
plane 

It proves that for wide classes of the initial conditions f{x) the global solutions satisfying 
conditions of Proposition|2]do not exist. Using small energy asymptotics of the corresponding 
Weyl-functions we explicitly construct in this section such a class of initial conditions. 
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First, we describe the explicit construction of the potentials and Weyl functions from 
Theorem 0.1 and Proposition 2.2 in [9]. For this purpose we fix an integer n > and three 
matrices, namely, an n x n matrix a and n x m matrices -^k, k = 1,2, such that 



a-a* = di^l - ^2^1. 



(4.1) 



The triple {a, di, ^2}-, which satisfies (14. ip . is called admissible. Consider Sturm-Liouville 
system f l2.2ip where u is determined by the triple {a, t^i, '(?2}- Namely, put 



where 



u{x) = 2{iA2ixySix)-'A2{x)Y + Ai{xyS{xy'A2{x) 
+A2{xyS{x)-'A,{x)}, 



A(x) 



Ai(x) 
A2(x) 


= e""^ 


^1 
^2 


, /3 = 




-In 


a 




^(x) = /„ + / A2{y)A2{yydy, x>0. 
Jo 



(4.2) 
(4.3) 

(4.4) 
(4.5) 



Theorem 4 f^ Let u he determined by the admissible triple {a, ^i, ■})2} via formulas (14.21) - 
(14. 5 p and let Y satisfy (I2.2ip and (12.230 . Then, for any sufficiently large values of ^^ 
{z, a/z e C+) we have 



[^0(yi)* /„ ]Y{x,zyY{x,z) 



J-m. 



dx < oc, 



(4.6) 



where 



2i 



0(v^) = (^ip2iz) + -±I^^cp,{z), (4.7) 

and the matrix functions (pi and (p2 ore rational matrix functions given by the realizations: 

(pi{z)-^ =I^ + B*J{zl2n+m-A)-^B, ip2iz) = -I^ + C{zl2n+m - A)'^ B , (4.8) 



A 



J 



a* 
^l 

i?2^2 ^1 « 

J„ 
J™ 
/„ 



B 



A+Mlm + r2^2) 

Im + n^2 

-^2 



(4.9) 



, C=[^*2 Irn- ^*2A -r, + {Im ' ^^^92)^9^ ] 



Moreover, for any sufficiently large values of^y/z the matrix (f){y/z), such that (14. 6 p holds, 
is unique. 
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According to Theorem H] inequality f l2.22p holds for 

M{z) = -0(v^)-^ (4.10) 

and sufficiently large values of Q^/z. From inequality (2.61) in [9] follows also that matrices 
M{z) satisfying (12.221) for sufficiently large values of '^y/z are unique. 
By Proposition 2.3 in ^9j we have 

sup ||M(a;)|| < oo. (4-11) 

0<x<oo 

Thus, there is a unique Weyl function M{z) of system (I2.2ip and this Weyl function satis- 
fies (I2.22p . Therefore, equality (I4.10p defines the Weyl function M{z) for sufficiently large 
values of '^^/z. Note also that the Weyl function M and the matrix function (f){^/z)~^ are 
meromorphic. 

Corollary 5 The Weyl function M of system (12.211) . where u has the form (14. 2p . is given 
by formulas (I4.7p - (l4.10p for all z G C+ excluding a finite number of points. 

Relation (14. 2 p can be rewritten as 

u = 2{nl^ + nu + ^21); ^k, := AlS-^Aj, k,j = 1,2. (4.12) 

The derivatives of m are calculated in [9] using (I4.2p - (l4.5p . In particular, from the expressions 
(5.16) and (5.17) in [9J for the derivatives of Qkj one can get 

u, = 2{A;a*S-^A2 + AlS-'aA2 - 2^11 - ^12^22 - ^22^21) - ^^22 - ^22U. (4.13) 

Formula (5.31) in [9] has the form 

3u^ - -^ =8(^21^12 + A;S''aA2n22 + fi22A;«*^"'A2 (4.14) 

+ A;S-^aAi + Ala*S-^A2). 

Formula (5.37) in [H] after some cancellations takes the form 



— {3u^ - TTt) = 8{Al{a*yS-'A2 - A*«*5-^Ai - Ala*S-'A2Q22 



dx dx"^ 

+ AlS-^a^A2 - AlS-^aAi - n22AlS-^aAi - AlS-^aA2{nl^ + ^21) 

- (A^^-^aAi + A\S'^aA2 + fi22A;5-iaA2)fi22 - (^22 + VL^2)A*2a*S-^A2 

- VL22{Ala*S-^Ai + A*a*S-^A2 + A^a* S-^ A2n22) - (^22^21 + ^11)^12 
-021(^12^^22 + ^^11)}. (4.15) 

Our next proposition follows from (I4.12p - (l4.15p . 
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Proposition 6 Let 

a = a*, i^la^i = 0, 1^2 = 0. (4.16) 

Then the triple {a, 'di, 'd2} is admissible and 

u{0) = u^M = Ux.M = 0, n,(0) = -4t9t^i. (4.17) 

Proof. As a = a* and {^2 = the identity (14. ip holds, that is, the triple {a, "i^i, 'd2} is 
admissible. According to (14. 4 p and (I4.16P we have A2(0) =^2 = 0. As A2(0) = we have 
also ^21(0) = ^^12(0) = ^22(0) = 0, and so formula (I4.12p implies m(0) = 0. Taking into 
account that 

w(0)=0, A2(0) = 0, f]2i(0) = ^12(0) = ^22(0) = 0, 5(0) =4, (4.18) 

we derive from formulas (14. 4p and (I4.13P the equality u^iO) = — 4^^'(9i. Moreover, formulas 
( 14141) and KTM yield u^^(O) = 0. By f l4J5ll and KTM we have 

^^■^■^■(0) = 8Ai(0)*('a*5(0)~^ + 5(0)-^a)Ai(0) = 8^l{a + a*)^. (4.19) 

Finally, in view of (I4.16P and (I4.19P we get Uxxx{0) = 0. ■ 

The first three equalities in (I4.17P mean that the initial condition u{x, 0) = u{x) for KdV 
complies with the boundary conditions u{0,t) = Uxx{0,t) = 0. 

Example 7 Consider the case 

a = 0, ^2 = 0. (4.20) 

It is immediate that (I4.16P holds, that is, the conditions of Proposition are fulfilled. It 
easily follows from dOj) . (|45|) . and ( 1420|) that 

e^^ = l2n + x{3, Ai=^i, A2(x) = -x^i, 5(x) = /„ + ^a;¥i^*. (4.21) 

Taking into account f l4.2ip . we derive from fl4.2p that 

U{X) = 2x^'d\{ln + -x'^cY\{ln + -X^c)"^^! - Ax'd\{ln + -X^c)^^!, (4.22) 

where c := ^i^*. T/ie Weyl function of system (I2.2ip . where u is given by (14.220 . zs con- 
structed using fHTjl - fHTTOD and fl420D . Fzrst note i/iai 



Hence, we obtain 



Z-'ln 








z'^^; 


Z-'in. 





z-^c 


2-2^1 


Z-'ln 



(4.23) 



ip2{z) = -In + z-^I^ - z-'^c^. (4.25) 
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Substitute (14.241) and f l4.25p into (14. 7p . and substitute the result into fl4.10p to get 

M{Z) = ^zi^Z^'lm + [Zlra + cf) (v^(^'/m - Z^Im + c") - 2iz''lr^ . (4.26) 



We have c = 'i9^'i9i > 0. Assume for simplicity c > 0. Then, according to (14.261) the low 
energy asymptotics of M is given by the formula 



M{z) =Im + 2zT^ + 0{z'^) (2->0). 



(4.27) 



Though equahties (14.171) for u{x,0) = u{x) comply with the boundary conditions u{0,t) = 
Uxxi^yt) = the following non-existence proposition is true. 

Proposition 8 There is no solution u of the KdV equation with a negative dispersion term 
in the quarter-plane x > 0,t > 0, such that u{x,t) satisfies conditions of Proposition {^ 
where the initial condition in (13. lip is determined by the admissible triple {0, i)i, 0} {c = 
■t^l'&i > 0), namely, u{x,0) has the form: 

u{x,0) = 2x^^l{ln + -x^c)~^c{ln + -x=^c)"Vi - 4x^1 (/„ + -s^c)"^!. (4.28) 

Proof. We prove this proposition by contradiction. Suppose that u{x,t) described in the 
proposition exists. Then M(0, z) = M{z), where M is given by (14.261) . Hence, by Proposition 
|2] the Weyl function of system (I3.19P is given by the formula 



M^(-4zi) = ^(J„ + M{z)){Im - M{z))-' 



(4.29) 



for sufficiently large values of '^\/z, where z belongs to the sector |7r < aTg(z) < n. Recall 

that as a Wei function M^i^O is a Herglotz function {( G C+) and that M{z) is meromorphic 

in C. Note that 

2 4 

-TT < arg(z) < -IT (4.30) 

3 

implies —Az^ g C+. Therefore (I4.29P holds in the sector (I4.30p . The asymptotics ( I4.27P 
holds in C and, in particular, in the sector (I4.30p too. Moreover, according to (I4.27P and 
(I4.29P the low energy asymptotics of Md has the form 



Md(-4z2 ) = -z-'i (/„ + 0{z))c, z 
which contradicts the Herglotz property of M/j. ■ 
Put 



0, 



(4.31) 



Ai(x,t) 
A2(a;,t) 



A(a;,t) = 

^(x,t) = /„ + Pi[0 e 



a:^+4t/3-^1 a:w+4ta;' 



[7^1 




r a 1 




^2 


, P = 


-In 


•) 


4:tUJ^ 


' P* 1 




r 3* 


1 







, u = 


b 


-p . 



(4.32) 
(4.33) 
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where {a, "i^i, 'd2} is an admissible triple, Pi = [0 /„,] , b 



[dl "i^g]- Then, according 



^1 

to Theorem 0.5 in [9] the matrix function u{x, t), given by fl4.12p in the points of invertibility 
of S, satisfies KdV (II. ip . Notice that A(x,0) and S{x,0) defined above coincide with A{x) 
and S{x) in (14.41) and (14. 5p . respectively. Moreover, according to Chapter 5 in [D] equalities 
(I4.13p - (l4.15p hold for each t. Finally, from (5.6) and (5.9) in [9J we have 

S^ = AsA;, St = -4{aA2A*2 + AaA^a* + AiA*) . (4.34) 

(We changed A(x,t) into A(x,— t), S{x,t) into S{x,—t), and u{x,t) into u{x,—t) in the 
expressions in [9J to obtain KdV solutions with a negative dispersion term.) 

Example 9 Blow-up solutions. 

Consider again the case ( 14.201) of the triple {0, ^i, 0}, where ?9i 7^ 0. By ( 14.201) we see that 

/3'^ = (3^ = 0. As /3^ = formulas (14201) and (14:321) imply 

Ai{x,t) = ?9i, A2(x,t) = -x'&i (4.35) 

(compare with (14.210 ). In particular, we get A2(0,t) = 0. Hence, in view of (14.121) and 
(I4.14P we derive 

«(0,t) = u,.(0,t) = (4.36) 

in the points of invertibility of S{0,t). It follows from ( I4.34p . ( 14.351) . and equality a = that 

S{x, t) = In + {\x^ - 4t)c, c = ^1^1. (4.37) 



Substitute (lOSj) and dOT]) into (l412|) to get 

U{x,t) =2x^^l(ln + {-X^ - 4t)c) \(ln + {-X^ - 4t) c) ^^i 

-Ax^lfln+i-x^ -4:t)c) di. (4.38) 



The blow-up should occur when det5'(a;,t) turns to zero. In the simplest case n = 1 formula 

( I4.38P takes the form 

, , \cx'^ + 16ct - 4x , ^ 

u[x, t) = -f -^^lA, (4.39) 

(1 + ica;3 - Act) 
and for t > -^ we have singularity at x = (3(4ct — l)/c) ^ . 

Our next proposition deals with the case, where det a 7^ and low energy asymptotics of M 
is different from the asymptotics in (I4.27P but the global solutions u again do not exist. 
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Proposition 10 There is no solution u of the KdV equation with a negative dispersion 
term in the quarter-plane x > 0,t > 0, such that u{x,t) satisfies conditions of Proposition 
m where u{x,0) is determined by the triple {a, ^i, 0}, which satisfies relations 



a = a 



i^la^i = 0, det a ^ 0, det(/^ ± ^la'^^i) ^ 0, ^la'^'di ^ 0. (4.40) 



Proof. As t92 = 0, a = a*, and ■&la'&i = the triple is admissible and equalities f l4.17p hold, 
that is, the initial condition complies with the boundary conditions u{0,t) = Uxx{0,t) = 0. 
By f gygj) we have 



i^I: 



2n+m 



A) 



-1 



{zin - a)-^ 

Z-^lizIn-a)-^ Z-Hm 

z~^ci{z)c{zln — Oi)~^ Z~^Ci{z)'di Ci{z) 

5* = [ ^* /„ ] , C = [ /^ -r^ ] , 



(4.41) 
(4.42) 



where 



ci{z) = {zin - a) \ c = did\. 
According to (l48ll . (I4.4ip . and (14.42^ we have 

(^i(z)-i = /„ + z-\l^ + ^\{zh - «)~'^i)', (4.43) 

V2{z) = -J™ + z-^ (/„ - {^\{zh - a)''^i)') . (4.44) 

By (HT|) . (I4.10p . (I4.43p . and (I4.44p the low energy asymptotics of M(0, 2;) has the form 

,-i„Q ^-l 



M(0, z)=- {Im + t9ta"'^i) ' {im - ^ta-^i - 22v^(/^ + r^a-^^i) " 
+ 0(2), ;z^0. 



(4.45) 



Finally, in a way similar to the corresponding part of the proof of Proposition [8] we assume 
that u{x,t) satisfying conditions of Proposition [2] exists and get 



MD(-4z^) = ^^la-^^i + 0(l), z^O 
^fz 



(4.46) 



in the sector (I4.30p . In view of the last relation in (I4.40p this means that M^ does not belong 
to Herglotz class and we come to a contradiction. ■ 
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